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1. Introduction:

Fixed point theory plays an important role in functional analysis. Fixed point theory beginning from
Banach contraction principle of Banach [2] (1922) in complete metric spaces has wider applications in
differential and integral equations in mathematical science and engineering. Many authors have
extended, generalized and improved Banach’s fixed point theorem in different ways and different
generalized metric spaces.

The fixed point theorems related to altering distances between points in complete metric spaces have
been obtained initially by D. Delbosco [9] and F. Skof [20] in 1977. M. S. Khan et al. [12] initiated the idea of
obtaining fixed point of self maps of a metric space by altering distance between the points with the use of a
certain continuous control function. K. P. R. Sastry and G. V. R. Babu [18] discussed and established the
existence of fixed points for the orbits of single self-maps and pairs of self-maps by using a control function.
K. P. R. Sastry et al. [17, 19] proved fixed point theorems in complete metric spaces by using a continuous
control function. B. S. Choudhury et al. [7, 8], G. V. R. Babu etal. [3, 4,5, 6], S. V. R. Naidu [13, 14], K. P.
R. Rao et al. [15, 16] proved some common fixed point results by altering distances.

Aliouche [1] proved common fixed point results in symmetric spaces for weakly compatible mappings
under contractive condition of integral type. Hesseni [10, 11] used contractive rule of integral type by altering
distance and generalized common fixed point results. Mishra et al. [22] proved two common fixed point
theorems under contraction rule of integral type in complete metric spaces by altering distance.

The main aim of this paper is to prove the existence and uniqueness of common fixed points of two

pairs of sub compatible mappings by using a generalized altering distance function of seven variables and apply
them to integral type inequalities. This paper is an extension of our previous result K. Sridevi et al. [21].

2. Preliminaries:
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2.1 Definition [15]: A function {r : [0,00) — [0, o) is called an altering distance function, if it satisfies
following conditions.

(1) ¥ (t) is monotonically increasing and continuous.

(2) y(©) =0 iff t=0.

2.2 Definition: A function ¥ : R*" — R* = [0, ) is called a generalized altering distance function on
R*" if 1 is continuous, monotone increasing in each variable and
Y(xy, X, 0, %) =0 if and only if x; = x, == x, =0.
The collection of all generalized altering distance function on R*" is denoted by W,,.
Suppose P € W,,.
Now we define a function ¢,,(y) by ¢,») = ¢,y ..,y) for y € [0, ),
Clearly ¢,(y) =0 if andonlyif y=0.

2.3 Definition: Two maps p, q : X — X of a metric space (X, d) are called sub compatible if there exists a
sequence {x,,} in X such that

lim p(x,) = lim q(x,) =t, t € X then lim d(pqx,, qpx,) = 0.
n—oo n—oo n—oo

3. Main Result:

3.1 Theorem: Let (X, d) be complete metric space and f, g, U and V be four mappings from X to itself such
that

1 1 1
<p1(d(fx, gy)) < Y (d(Ux, Vy),Ed(Ux, gy),zd(fx, Vy),d(Ux, fx),d(Vy, gy),z [d(gy,Ux)
+d(fx, Vy)],% [d(Ux, Vy) + d(Ux, fx)])
1 1 1
— . (AWx, V), 5dWx, 7). 7d(fx,Vy), d(U% £2), 4V, 9¥), 5149y, Un)

+d(fx, Vy)],% [d(Ux, Vy) + d(Ux, fx)]) 311

forall x,y € X, where ¥,¥, € ¥, with ¢,(a) =¢,(a,a,a,a,a,a,a) for a € [0, ).
i) One of the four mappings f, g, U and V is continuous.
i) (f,U) and (g,V) are sub compatible.
i) fX)<cSV(X) and gX) € UX).

Then f, g, U and V have a uniqgue common fixed point in X.

Proof: Letx, € X. There exist x; and x, such that

fxo=Vx;
gx, = Ux, ..
In general,

[Xon =VXonyr and gxpnyq = UXopy

Substituting x = x,, and y =x,,,, in (3.1.1), we get
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?1 (d (fx2n gx2n+1))

1 1
A(Uxzn, VXoni1), 2 d(Uxzn, 9X2n41), 2 A(fxam, Vxoni1), AUXon, fX20), AV X241, 9Xon41),
< P
1 1
7 [d(gxzns1, Uxzp) + d(f Xz, Vx2n+1)]'§ [A(Ux2p, Vi) + d(Uxap, fX20)]

1 1
" dUxzp, VXons1), 2 d(Uxzn, 9X2n41), 2 A(f %20, VXons1), dUXon, fX20), AV X2041, 9X2n41),
T vz 1 1
> [d(gXan+1, Uxzp) + A(fX20, VXonad)], > [d(Ux20, VXone1) + d(Uxop, fXon)]

1 1
" d(ngn—prZn)'Ed(ngn—p9x2n+1)'§d(fx2wfx2n)' d(gxon-1, fX20), A(f Xon, GX2m41),
- "1 1 1
> [d(gXan+1, 9Xon-1) + d(fon'fon)]'z [d(gXan-1, fX2n) + d(gXon_1, fX2n)]

1 1
d(ngn—lﬂfon)'Ed(gXZn—lr gx2n+1)'zd(fx2nrfx2n): d(gxzn—1, fX20), d(f X2, GX2n+1)s

- ‘l’z 1 1
7 [d(gXzn+1, GX2n-1) *+ d(fx2n,fx2n)],z [d(gXan-1, fX20) + A(GXan_1, [X20)]
1
d(ngn—lﬂfon)'Ed(ngn—ligx2n+1)' 0,d(gxzn—1, fX2n),
= 1[’1 1
d(fon'ng‘rHl)'Ed(gx2n+1'gx2n—1)r d(gxzn—1, fX2n)
1
d(gxzn—1, fX2n), 2 A(gXan-1,9%2n+1), 0, d(gX2n_1, fX2n),
-1, 1 ———(31.2)

ad(fxzm, gx2n+1)rEd(gx2n+1'gx2n—1): d(gxzn-1,fX2n)

Let a = max{d(gXz2n—1, fX20), d(GX2n-1, 9X2n+1), A(f X2n, GX2n11)} -——(3.13)

(21 (d (f X2n) 9Xon+ 1))

< P00 0,00 0)

1
d(gxzn-1, fX2n), 2 d(gx2n-1,9X2n+1), 0, d(GXon_1, fX2n),
- 1/)2 1
A(f X2, 9Xon+1), 2 d(gxan+1, 9X2n-1), A(GX2n_1, fX2n)

From (3.1.2) and (3.1.3), we get

1
d(ngn_l,fon),Ed(ngn_l,ngnH), 0,d(gxz2n-1, fX2n),
(pl(d(fXZn'ngrHl)) < (@) — Yy

A Xan, G215 A anss, %an-), A an1 F0r)
From (2.2.2),we get

(pl(d(fon,ngnH)) < @@ ifa>0, a=max{d(gxn_1,f%m), A(GXon_1,9%2m+1)}

d(f X2n, 9Xan+1) < max{d(gxan-1, fX2n), d(9X2n-1, 9X2n+1)}

d(fX2n, 9Xan+1) < d(GXan-1, fX2n) + A(fX2n, GX2n-1)

d(fX2n, 9Xan+1) < d(GXan-1, fX2n) — — — —(3.1.4)

Substituting x = X354, and y = x4, in (3.1.1), we get
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(1 (d (fX2n+2s gx2n+1))

1 1
d(Uxzn42, VXon41), 2 d(Uxzn42, 9Xan+1)s 2 A(fXan+2, VXani1), dUXon i) fXon42), AV X211, 9Xon41),
< Y
1 1
2 [d(gxzn+1, Uxoniz) + A(f Xoni2 Vx2n+1)]:§ [Ad(Uxzn42, VXans1) + A(UXxonia, fXon42)]

1 1
d(Uxzpn42,VXoni1), 2 A(UXzn42) 9Xon+1)) 2 A(fXons2, VXans1), AWUXoni2s fXon42), AV Xon 41, GXon41)s
-,
1 1
> [d(gX2n+1, UXonez) + d(fXons2) Vx2n+1)],z [d(Ux2n42,VXoni1) + dUXons, fXon42)]

1 1

" d(9x2n+1'fx2n)'Ed(9x2n+1'9x2n+1)'§d(fx2n+2»fx2n)' A(gXon+1s [Xon+2), Af Xop, GXon 1),

- W 1 1
> [d(gXan+1, 9Xon+1) + d(fx2n+2'fx2n)]'z [d(gXan+1, fX2n) + d(GXoni1, fXo2n42)]
1 1

d(gx2n+1,fx2n),Ed(ngnH, gX2n+1),Ed(fx2n+2,fX2n), A(gxX2n+1, fX2n+2), A(f X2, X241,
- ‘l’z 1 1
2 [d(gXzn+1, GX2n+1) T+ d(fx2n+2'fx2n)]'z [A(gXan+1, fX2n) + A(GXan+1, [X2n+2)]

1
d(gXan+1, fX2n), O'Ed(fx2n+21fx2n)r A(gxzn+1, fX2n+2), A(f X2 GX2m41),
= 1[’1 1
d(fx2n+21fx2n)'z [d(gX2n+1, fX2n) + A(GXon41, fXon42)]

d(gxons1, fX2n), 0'§d(fx2n+2'fx2n)' A(gxzn+1, fX2n+2), A(f X2n) GXo2n41),
—, ———(3.1.5)

d(fx2n+2'fx2n)'§ [A(gXan+1, [X2n) + A(GX2n+1, [X2n12)]

Let B = max{d(gxzn+1, fX2n), A(f X212, fX20), A(GXons1, fX2ne2)} — — — —(3.1.6)
(pl(d(fx2n+2,gx2n+1))

< ¥:(BB B BB BB
1
" d(gxon+1, fX2n), O'Zd(fx2n+2»fx2n)» A(gXon+1, fX2n+2), A(f X2, GX2n41),
-, L
d(fx2n+2'fx2n)rz [A(gXan+1, fX2n) + A(GX2ns1, fXon+2)]

@1 (d(fx2n+2, gx2n+1))
< 0B

o [ 034\ Fanva, X200, (G ¥znss, [Xns2) A Xan, G,
2 AP anss ) g [ Kot F ) + A ana, )]
1A Xanizs 9%ane) S @1 iFB>0, B = max(d(@¥anes, X A Kansas fa)}
A(F ¥ansz §¥ans) < MG ¥arsn, [ Xan), A X, X2}

A(F anor §¥000) < A Fansa, Ganss) + (G, [320)

d(fXzn+2, 9¥an+1) < A(GXans1, fXon) — — = —=(3.1.7)

From (3.1.4) and (3.1.7),we get

A(fXzn+42, 9X2n+1) < A(fXon, 9Xons1) < d(f X2, GX2n—-1)
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In general,

d(fxant2 9%an+1) < d(fX2n, 9Xon1) < A(fXon, GXon-1) < — — — < d(fxz, gx1) < d(fx0, gx1)
From this it follows that the sequences
{d(fxzm, gxXan—1)} and {d(fx,m4+2, 9X2n+1)]} are the both decreasing sequences, decreasing to the same
limit.

lim lim

Suppose, let y = n—s oo d(fXant2, GXans1) = n—

o d(fxzn, gxon_1) — — — —(3.1.8)
On letting n — oo in (3.1.5), we get

»1(v) < ¥1(v,0,0,v,v,0,v) —42(v,0,0,v,v,0,v)

o1 < Y1y Y Y YY) — $2(v,0,0,,7,0,7)

From (2.2.2),we get

»1(¥) < 1(v) —9(v,0,0,v,v,0,v)

Therefore, ¢@,(y) <.(y) if y>0

a contradiction.

Therefore, y = 0.

lim lim
Therefore, y = n —s oo d(fXzns2) GX2ns1) = n—s Ood(fonx 9Xon—1) = 0 ————(3.1.9)
. o fx, if niseven
write yn _{ gxn if nisodd
Therefore, d(¥zn+2)Yan+1) < dV2n Yan-1)-
Therefore, d(yp41,¥p) — 0 as n— o ————(3.1.10)

Now, to prove the sequence {y,,} is a Cauchy sequence in X,
it is sufficient to prove that {y,,} is a Cauchy sequence.
Suppose that {y,,} is not a Cauchy sequence.

Then there is an € > 0, sequence {2m(k),2n(k)} with k < m(k) < n(k)
d(yZm(k)'yZn(k)) > ¢ and d(yZm(k)ryZn(k)—z) <&

e < d(Yam@y Yaniio)
< d(yZm(k)'yZTL(k)—Z) + d(yZn(k)—z’YZn(k))
< e+ d(YZn(k)—z'YZn(k))

< & + d(Vanaoy Yano-1) + A(Vanto-1, Yano-2)
Taking n — oo in the inequality

klgfgo d(Yam@y Yanay) =€ —— — —(3.1.11)
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Consider, d(Vamaey Yontor-1) < AVam) X2n00) + AVany Yanto 1)

d(yZm(k)' yZn(k)) < d(yzm(k), y2n(k)_1) + d(yZn(k)—lt yZn(k))

On letting k — oo we get,

b d(Yam@y, Yan(iy-1) < € and nf  d(Yomuy Vanto-1) = €
k — o k —s oo
lim
= S Ood(yZm(k)tyZn(k)—l) =&——-—-(3112)
Consider, d(yZm(k)—l’yZn(k)—l) < d(ern(k)—lﬂyZm(k)) + d(yZm(k)tyZn(k)—l)

d(Vam@ Yanto-1) < A(Vameo-1 Yanto-1) + d(Vamgo-1,Vamo)
On letting k — oo we get,

sup d()’zm(k)-p)’zn(k)—l) < ¢ and inf d(yZm(k)—l'yZn(k)—l) > &
k — o k — oo
lim
= kDo d(Yam@o-1, Yan(io-1) = € ——(3.1.13)
Consider, d(Yam@)-1 Yanto-2) < AVamr-1 Yanto-1) + AVanto-1 Yano-2)

d(yZm(k)—lryZn(k)—l) < d(}’2m(k)—1,J/Zn(k)_2) + d(YZn(k)—z:}’zn(k)—1)
On letting k — oo we get,

sup d()’zm(k)—p)’zn(k)—z) <& and inf d(yZm(k)—lt yZn(k)—z) > ¢
k — oo k — oo
lim
= o d0mw-1Yanw-2) =& - —(3.1.14)
COﬂSIder, d()’Zm(k): yZn(k)_z) S d(yZm(k):ZVZn(k)—J + d(yzn(k)—llyZn(k)—z)

d(Vam@y Vanto-1) < AVamaey Yanwo-2) + (Vano-2 Yanio-1)
On letting k — oo we get,

lim

lim
sup d(Yom Yany-2) < € and i d(Yomao Yon—z) = €
k — o k —s oo
lim
= kS d(Yam(y Yan(o-2) = € — = — (3.1.15)

Substituting s = Xy and t = Xppp-1  in (3.1.1), we get
1 (d(fXZm(k)'ngn(k)—l))
1 1
/d(Ux2m(k)' VXan(i)-1)s > d(UxXamiy 9%2ni0-1)> > d(fx2ma0 Vx2nio-1) A(Uxamae), fom(k))'\
1
< d(Vxono-1, ngn(k)—l)'z [d(g%2m00-1, UXamae) + A(fX2maey VXango-1)],
1
> [d(Uxzm@ey, VEany-1) + A(Uxzmae, fX2mee)]
1 1
{d(szm(k), szn(k)—1).§d(szm(k), ngn(k)—l)’Ed(fXZm(k)r ViXan(iy-1)» d(Ume(k)erZm(k))r\‘
1
— Y, \ d(VxZn(k)—l'ngn(k)—l)'E [d(9%2n0)-1, Uxomay) + d(f Xam@e, VXanao-1))» }

1
2 [d(Ume(k)' Vx2n(k)—1) + d(UXZm(k),fxzm(k))]
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d(gX2m@-1- Kono-2), 5 d(gXZm(k) 1 8Xon(0-1)r5 d(fXZm(k)'fXZn(k) 2) A(8%ama0 -1, FKamao ),

5 [d(gXZm(k)—p fXonao-2) + d(8X2m@o-1, fXZm(k))]

d(8Xama0-1, Xon@—-2)r 5 d(gXZm(k) 1 BXon()-1) 5 d(fXZm(k)ﬂfXZH(k) 2)» d(8%2m@ -1, Kamao)»

d(fXZn(k) 2ng2n(k) 1) _[d(gXZH(k) 1, 8X2m(k) - 1) +d(fX2m(k)!fX2n(k) 2)

k d(fXan(0-2, 8X2na0-1)> _[d(gXZn(k) 1 8Xomo-1) + d(fXZm(k)» fXonao-2) ] )
-y |( \}

> [d(gXZm(k)_l. fX2n0-2) + d(8%2m-1 Xomao)]
®1 (d(YZm(k)J’Zn(k)—l))
( d(y2mao-1, Ym(k)—z)'%d(}’zm(k)—v an(k)—l)%d(YZm(k» Yan(9-2)» 4(Y2ma9-1, Y2mao).
< d(an(k)—z'an(m—l)é [d(Y2n00-1 Y2mao-1) + d(Y2mag» Yanao-2)]-

1
\ 5 [d(y2m(k)—1' y2n(k)—2) + d(y2m(k)—1t y2m(k))]

=, d(YZn(k)—Z:YZn(k)—l)'E [d(¥anao-1, Y2m@o-1) + A(Y2meey Yznao-2) )

|
/d(YZm(k) 1 Y2n(0-2) 5 d(Yzm(k) 1 Y2n(0-1) 5 d(Yzm(k) Yan@-2)» 4(Yamao - 1'YZm(k))\

1
5 [d(YZm(k)—1'YZn(k)—2) + d(YZm(k)—pYZm(k))]

On letting k — oo, from (3.1.11),(3.1.12), (3.1.13), (3.1.14), (3.1.15), we get

% 0,0 ) wz( 0,0,e,%)

Therefore, p,(¢) <¥,(¢,¢¢,¢,¢,¢,€) — 1/)2( % % 0,0, s,s—)

&

01(e) <y (e

E & &
Therefore, ¢;(¢) < ¢1(e) =, (£,5,5,0,0,¢,)

Therefore, ¢, (&) < ¢, () (since & > 0 and hence v, (s%%O 0,6, %) > 0)

a contradiction.

Therefore, {y,,,} is a Cauchy sequence.

Similarly we can show that, {y,,,} is a Cauchy’s sequence.

Since d(Vy, Yn41) — 0 as n— o

{y.} is a Cauchy sequence.

Therefore there exists | suchthat {y,} = as n — o

Since (f,U), (g, V) are sub compatible,

Suppose U is continuous function.

Then Uxy, — 1l = gx,,_1 — L and Ufx,, — Ul,UUx,, — Ul - —-——(3.116)
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Since (f, U) is sub compatible, we have fUx,, — Ul - ———(3.117)

Substituting s =Ux,, and t =x,,_; in (3.1.1), we get

‘P1(d(fo2n’9x2n—1))

d(UUxyy, sz,l_l),%d(UUxZn, gxz,l_l),%d(foZn, Vxon_1), A(UUxpy, fUx2,), d(VX20_1, 9X2n_1),

< Y
1 1
2 [d(gxzn—1, UUxz,) + d(fUx2y, VxZn—l)]:E [A(UUx2n, VXon_1) + Ad(UUxpy, fUX3p)]

1 1
d(UUxzp, VXan_1), 2 d(UUxzp, X2n-1), 2 A(fUx20, VXon_1), d(UUXpn, fUX30), d(VXon—1, 9X20—-1),
- l)bZ 1 1
> [d(gxan-1,UUxzp) + d(fUx2p, szn—1)]:§ [A(UUx2n, VXan_1) + A(UUxpy, fUXp)]

(21 (dU:UXZn'QXZn—l))
1 1
d(UUxzp, fX2n-2), 2 d(UUxzp, gXon-1), 2 A(fUxzn, fXon-2), d(UUXzy, fUX2n), A(f X2n—2, 9X2n-1),

< Y
1 1
> [d(gxan-1,UUxpp) + d(fUxzy, fx2n—2)]'§ [AUUx2p, fXn-2) + d(UUxpy, fUxz,)]

1 1
" d(UUxzp, fX2n-2), 2 d(UUxzp, gXon-1), 2 A(fUxan, fXon-2), A(UUXzy, fUX20), d(fX2n—2, 9X2n-1),
— Y, 1 1
S[d(gx2n—1, UUx2,) + d(fUXop, fXon-2)], 5 [d(UUXop, fXon-2) + d(UUXsp, fUX2,)]
2 2

From (3.1.16), (3.1.17), we get

d(Uul, l).ld(Ul, l),ld(Ul, 1), d(UL UD),d(l, l),l [d(L,UD) + d(UL D],
e (dULD) < Yy 2 2 ) 2
> [d(UL 1) +d(UL U]

LD, % (LD, % d(UL D, d(UL, UL, d(, z)é [d(, UL + d(UL D],
e % [dUL D) + d(UL, UD)]
=, (d(Ul, D, % d(UL D, § d(UL D),0,0,d(l, UL, g d(Ul, 0) -
¥ (dULD, 2 AWLD,2dWLD,0,0,d (L UD, 2 dWL D)
<, (d(UL D), d(UL D, d(UL, D), d(UL, D), d(UL, 1), d(UL 1), d(UL 1)) —
¥ (LD, 2 dWLD,2dWLD,0,0,dL UD, 2 dWLD)

= 0, (dUL D) =, (d(Ul, D, % d(Ul, l),%d(Ul, 1,0,0,d(l, UL, % d(Ul, l))

@, (dULD) < @, (dULD) if UL#1
a contradiction.
Therefore, Ul =1 — — — —(3.1.18)

Substituting s=1 and t =x,,_; in (3.1.1)
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(21 (d(fl' gxzn—l))
1 1
d(ULVxan_1), 7 d(Ul, gxan-1), 7 A(f,Vxan_1),dUL f1),d(Vxzn_1,9X2n-1),

< 1»[)1 1 1
3 [d(gxzn—1, UD + d(fl, Vx2n—1)]!§ [d(ULVxy_1) +d(UL fD]

1 1
" d(ULVxzn-1), _d(Ul 9%Xn-1), _d(fl VxZn—l) d(UL D, d(Vxap_1,9X2n-1),
_[d(ngn L UD +d(fl,Vxn-1)],5 [d(Ul Vxan-1) +d(UL fD)]

dd, l),zd(l, 1),§dm D,d(, fD,d(, D),
[d(, D + d(fl,D],= d(l D +d(, fD]

2!
dd,n, d(Ul D,~ d(fl D,d(, fD),d(l,1),
—[d(l D +d(fL,D],= [d(l, D +d(, fD)]
= 1/)1 0 0,- d(fl D,d(, f0),0,- d(fl D, d(l fl))
¥, (0, 0,2d(fL.1), d(l f1),0,5d(fL,1),2d(, fl))
< ¢, (d(fL,D,d(fLD,d(fLD, d(fL,1),d(fL D) —

¥, (0,0.2d(LD, A0 £D,0,5d(LD, 2L D) = pu(d(FLD) -

¥, (0,0.3d(L D, d(L £D,0,2d(FL D, 2 d(L D)

o1 (d(FLD) < o (d(FLD)  if fl#1
a contradiction.
Therefore, fl=1—-———(3.1.19)
l=fle f(X) € V(X)thenthereexists h € X suchthatl =Vh ————(3.1.20)

Substituting s = x,, and t=h in (3.1.1), we get

(pl (d (fon' gh))

d(UxZn, Vh), > dWUxn, gh), ld(fxzn, VR), d(Uxzn, fan), d(Vh, gh),
<
[d(gh Uxyy) + d(fon' Vh)] [d(sznr Vh) + d(szn'fxzn)]

d(UxZn! Vh), E d(UXZn' gh), E d(fXZn' Vh), d(UxZn’ fXZn)f d(Vh! gh),
“¥2| g 1
2 [d(gh, Uxzn) + d(f X2y, Vh)]'z [d(Ux2p, VR) + d(Uxzn, fX25)]

From (3.1.16), (3.1.17), (3.1.18), (3.1.19), (3.1.20), we get
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1 1
d(D, > d(Ul, gh), > d(,D,d,,d(, gh),

IA

@:(d,gh) < P,

%[d(gh, D+d(, l)],% [d(, D +d(, D]

dc, b, % d(Ul, gh), % di,h,d,n,d(, gh),
2
%[d(gh, D+d(, l)],% [d(,D+d(, D]

= v, (0.5d(L gh),0,0,d(1, gh),3d(gh,1),0) —
¥, (0.2d (1, gh),0,0,d(l, gh),5d(gh,1),0)
< ¢,(d(l, gh),d(l, gh),d(l, gh),d(l, gh),d(, gh),d(, gh),d(, gh))

—y, (o, % d(l, gh),0,0,d(L, gh), % d(gh, D), o)
= 0.(dL, gh) — ¥, (O,§d(l,gh), 0,0,d(1, gh),;d(gh, 1), o)
01(d gh)) < o1(d(, gh)) if gh#1

a contradiction.
Therefore, gh=1=Vh - ———(3.1.21)
Therefore, gVh = Vgh (since (V, g) is sub compatible)
gl=gVh=Vgh=Vl—-———(3.1.22)

Substituting s = x,, and t=1in (3.1.1), we get
(pl(d(fon,gl))

1 1
d(Uxgy, Vl),zd(UxZn,gl),Ed(fon, VD), d(Uxyy, fx3,), d(VL, gD),
< ¥l 1
7 [d(gl, Uxzn) + d(fxan, Vl)];z [d(Ux2n, VD) + d(Uxzn, fX24)]

1 1
d(Uxan, VD), 2 d(Uxzn, gD, 2 A(fxan, VD), d(Uxan, fX2,), d(V1, gD),
- 1/)2 1 1
7 [d(gl, Uxzy) + d(fxam, Vl)]:z [A(Ux20, VD) + d(Uxzp, fX20)]

1 1

d(l, gb, 3 adl, gl), > d(,n,d(,n,d(gl, gb),
1

d(gl,D) + d(l.gl)].z[

‘P1(d(l'gl)) <Y
E[ d(l,gh +d(, D]
1 1
d(l, gb), 3 d(l, gD, > d,D,d,1D),d(gl, gD,

1 1
5 d(gl D) +d(l gDl - [d(, gD) +d(L, D]

2

= v, (a0 gD.2d(L g1,0,0,0,d(gL, D, 2d(gL D) -

¥ (40 gb,2d(L g),0,0,0,d(gL 1), 2d(gL D)
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< i (d gD, d(l gD, d(l gD, d( gD, d(l, gD)) -

¥, (d(l, gD),5d(, g1),0,0,0,d(gl, 1), > d(gl, l))
1 1
= ¢:(dLgh) - ¥, (d(l,gl),zd(l,gl), 0,0,0,d(gL,1),5d(gl, l))

0:1(d(lgD) < p:(dgh)  if gl#1

a contradiction.

Therefore, gl =1 ————(3.1.23)

Therefore, gl =Vl =1————(3.5.24)

From (3.1.18), (3.1.19)and (3.1.24), we get

f,g,U and V have a common fixed pointin X.

If f, g and V is continuous, similarly we can prove f, g, U and V have a common fixed point in X.
Suppose, [ and h are common fixed point of f, g, U and V.

From (3.1.1),

d(UL,Vh), % d(Ul, gh), % d(f1,Vh),d(UL f1),d(Vh, gh),
@1 (d(fl' gh)) < 1/)1 1 1
> [d(gh, U + d(f1,VR)), = [d(UL V) + (UL, fD)]

d(UL,Vh), % d(Ul, gh), % d(f1,Vh),d(UL, f1),d(Vh, gh),
-,
% [d(gh, UD) + d(fl, Vh)],% [d(UL V) + d(UL fD)]

d(l, h), % d(l, h), % d(l,h),d(,D),d(h,h),
d(h, ) +d(l, h)],% [

?1 (d(l' h)) < Y

E[ d(l,h) +d(, D]

d(l, h), % d(l, h), % d(l,h),d(,1),d(hh),

- l/)2 1 1
> [d(h, D) +d(l, h)],E [d(l, k) +d(l, D]

=1, (d(l, h),%d(l, h),%d(l, h),0,0,d(h, l),%d(l, h))
1 1 1
-, (d(l, h),zd(l, h),Ed(l, h),0,0,d(h, l),zd(l, h))

01(dL ) < ¥y (d(, h),d(,h),d(l, h),d(h, 1), d(l, h))

-y, (d(l, h), % d(l, h), % d(l,h),0,0,d(h,D), % d(l, h))

= ¢.(dWh) -y, (d(l, h),>d (L, h),2d(l, h),0,0,d(h, 1), 2 d(l, h))

0 (d D) < (AW R))  if h#1
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a contradiction.
Therefore, h = L.

Hence, f, g, U and V have a unique common fixed point in X.

4. An application to integral type inequalities:

The following is an application of Theorem 3.1 to integrals.

4.1 Example: Suppose (X, d) is a complete metric space and f,g,U and V be four mappings from X to
itself and satisfying the following integral inequality for all x, y € X such that

o1(d(fx.gy))
[ n(®) dt
0

IA

¥1(AUx V) 3dWUx,gy) Zd(F2VY),AUxF2),dVY,99)5[d(9y.Ux)+d(FX V)5 [dUxVy)+d(Ux,fx)])
| 7o de
0

2 (AWUxVY) 3d(Ux,99) 5A(fx V), AUL0),d(Vy,.gy) 3ld(9y.Ux)+d(Fx V] 5[dUxVY)+dUx.f2)])
f n(t) dt
0

-——4.11
where ¥, ¥, € ¥, with ¢,(a) =¥,(a,a,a,a,a,a,a), a €[0,0) andn : R* — R* isa Lebesgue-
integrable mapping , which is non negative, summable, and fosn(t) dt > 0 foreach & > 0. Suppose

i) One of the four mappingsf, g, U and V is continuous.
i) (f,U) and (g,V) are sub compatible.

i) fX) VX)) and gX) € UX).

Then f, g, U and V have a uniqgue common fixed point in X.
Proof: We first show that (3.1.1) holds for f, g, U and V.

Suppose for some x,y € X, (3.1.1) does not hold. Then

1 1
d(Ux' VY),Ed(Ux' gy)izd(fx' VY):d(Ux'fx),d(V}’:g)’),
e (d(fr,g9) >¥u| 4 L
7 [d(gy, Ux) + d(fx,Vy)], 5 [d(Ux, Vy) + d(Ux, fx)]

1 1

" d(Ux,Vy),zd(Ux.gy),Ed(fx,Vy),d(Ux,fX),d(Vy,gy),
V21 1 1

5 [d(gy, Ux) +d(fx, Vy)].g [d(Ux,Vy) + d(Ux, fx)]

d(Ux,Vy),>d(Ux, gy),5d(fx,Vy),d(Ux, f2),d(Vy, gy),
~[d(gy, Ux) + d(fx,Vy)],5 [d(Ux, Vy) + d(Ux, fx)]

| d(Ux,Vy), % d(Ux, gy), % d(fx,Vy),d(Ux, fx),d(Vy, gy), |

\"* L [d(gy, Ux) + d(fx, V)], 2 (AU, Vy) + d(Usx, f)] )

1

Write & = ¢, (d(fx,gy)) —
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Then & > 0.
By hypothesis, [ n(t) dt > 0.
Therefore,

@1(d(Ffx.9y))
f n(t) dt
0

¥1(AUx V) 3dUx,gy) 3d(FVY),AUxf2),dVY,9)51d(gy.U)+d (FxVy)]5[dUxVy)+d(Ux,fx)])
> f n(t) dt
0

2 (AU V) 3dWUx,gy) 3d(FVY),AUxf2),dVY,9)51d(gy.Ux)+d (FxVy)]5[dUxVy)+d (Ux,fx)])
- | n(e) de
0

a contradiction.

Therefore,

1 1
d(UX, V}’)'Ed(Ux' gy)rzd(fx! V}’): d(Ux, fX), d(V}’: gy);
(pl(dCfX,gy)) < 1/)1 1 1
5 1d(gy,Ux) + d(Fx,Vy)],5 [, V) + d(Ux, £)]

(e V)3 dUx, g9, 5 d(fx, V), U, 0,4V, 93,
\ S1atay,um + dr V)3 AW V) + s )

Thus, (3.1.1) holds for f, g, U and V.
Therefore, by Theorem 3.1, f, g, U and V have a unique common fixed point.
The following example also supports our Theorem 3.1.
4.2 Example: Suppose (X, d) be a complete metric space with the metric d(s, t) = %Is — t| in the interval
X =1[0,1].
Define f, g, U and V are four mapping from X to itself such that

X

fx—4, gy=%, Ux=x and Vy=y.
1
Letyy(ay, az, as, ay, s, ag, @;) = max{ay, ay, a3, ay, s, Ag, A7}, Yy = leh and ¢i(a) =a, Va €

[0, c0) where ¥, ¢, € ¥,
Then f,g,U and V is satisfy the conditions of Theorem 3.1.

Therefore, f, g, U and V have a uniqgue common fixed point.
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